Abstract. In the present paper, by generalizing the definition of the zero-difference balanced (ZDB) function to be the G-ZDB function, several classes of G-ZDB functions are constructed based on properties of cyclotomic numbers. Furthermore, some special constant composition codes are obtained directly from G-ZDB functions.
Introduction and backgrounds
Zero-difference balanced functions were first introduced by Ding in constructing optimal constant composition codes [2] and optimal and perfect difference systems of sets [3] . Definition 1.1 ( [2, 3] ). Let (A, +) and (B, +) be two abelian groups of order n and l respectively. A function f from A to B is called zero-difference balanced (ZDB for short) if there exists a non-negative integer λ, such that |{x ∈ A : f (x + a) − f (x) = 0}| = λ for every nonzero a ∈ A. We also call the function f to be an (n, λ)-ZDB function. Sometimes we also call f to be a ZDB function with the parameters (n, λ).
For convenience, throughout the paper, we follow the notations defined in [5] .
• Im(f ) = {b 0 , . . . , bl −1 } ⊆ B denotes the image set of f andl = |Im(f )|;
• A ′ = {x ∈ A | f (x) = b i } and τ i = |A ′ | for 0 ≤ i ≤l − 1; • P = {A ′ , . . . , A ′ −1 } denotes the set of all the preimage sets, clearly, P constitutes a partition of A.
Furthermore, by the ZDB property, for each i (0 ≤ i ≤l − 1), the list of differences a − a ′ with a, a ′ ∈ A and a = a ′ , covers all nonzero elements of A exactly λ times. In this case, the set P is called an (n, {τ 0 , . . . , τl −1 }, λ)-partitioned difference family (PDF). Because of the connection with PDF, each ZDB function can be identified with parameters (n, {τ 0 , . . . , τl −1 }, λ) (all these parameters are needed in some applications), we also associate every ZDB function with the three parameters (n, l, λ) since in some cases the parameters {τ 0 , . . . , τl −1 } may not be available.
It is well known that perfect nonlinear functions [7, 8, 12, 16, 17] and difference balanced functions [13, 18] are special types of ZDB functions. ZDB functions unify different subjects in combinatorics, algebra and finite geometry, and they have been found applications not only in these three areas but also in communications, coding theory and cryptography.
For the case gcd(n, λ) = 1, many (n, λ)-ZDB functions are constructed [1, 2, 3, 4, 5, 18] . For gcd(n, λ) = 1, Luo, et al. [11] constructed ZDB functions with parameters (p r , p s ) (0 ≤ s ≤ r), where p is a prime. Recently, by using cyclotomic cosets, Ding, et al. [5] constructed ZDB functions with parameters
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. . , w l−1 ]) l constant composition code is optimal when the bound of Lemma 1.2 is achieved. In [2, 6] , the link between ZDB functions and optimal CCCs is established. Lemma 1.3 ( [2, 6] ). Suppose that f is an (n, l, λ)-ZDB from an abelian group (A, +) of order n to an abelian group (B, +) of order l, and Im(f ) is the image set of f with |Im(f )| = l. Let A = {a 0 , . . . , a n−1 } and Im(f ) = {b 0 , . . . , b l−1 }.
is an (n, n, n − λ, [τ 0 , . . . , τ l−1 ]) l -CCC over Im(f ) meeting the bound of Lemma 1.2, which means that such code is optimal.
Besides, it is well known that difference systems of sets (DSS) are introduced by Levenstein [9, 10] for the construction of comma-free codes for synchronization. An (n, [τ 0 , . . . , τ l − 1], ρ) difference system of set (DSS) is a collection of l disjoint sets D i ⊆ Z n such that |D i | = τ i for all 0 ≤ i < l and the multiset
contains every nonzero x ∈ Z n at least ρ times. A DSS is called perfect if every nonzero element x ∈ Z n is contained exactly ρ times in the above multiset. For applications of DSS to the code synchronization, the number r l (n, ρ) = l−1 i=0 |D i | is required to be as small as possible.
Lemma 1.4 ([14]). For any DSS with parameters
where SQUARE(x) denotes the smallest square number no less than the positive integer x, and ⌈x⌉ denotes the ceiling function. In particular, a DSS is called optimal when the lower bound is achieved.
The correspondence between ZDB functions and perfect DSSs is first established in [2] .
Lemma 1.5 ([2]).
Suppose that f is an (n, l, λ)-ZDB function from an abelian group (A, +) of order n to an abelian group (B, +) of order l, and Im(f ) is the image set of f with |Im(f )| = l.
In the present paper, we generalize the definition of ZDB functions to the general G-ZDB functions, and then give two constructions for G-ZDB functions (Sections 2-3), which generalize the main results in [5] . Furthermore we obtain some constant composition codes and difference systems of sets directly from G-ZDB functions (Section 4), which also generalize the main results in [2, 5, 6 ].
Generalized ZDB functions and p-cyclotomic sets
This section generalizes the definition of ZDB functions to be the G-ZDB function as follows.
Definition 2.1. Let (A, +) and (B, +) be two abelian groups of order n and l, respectively. A function f from A to B is called generalized zero-difference balanced (G-ZDB for short) if there exists a non-empty S, such that |{x ∈ A : f (x + a) − f (x) = 0}| ∈ S for every nonzero a ∈ A. We also call the function f to be an (n, S) (or (n,l, S))-G-ZDB function, wherel is defined as above. Then ZDB functions are the special G-ZDB functions.
For any prime p, basing on p-cyclotomic cosets, we can construct several classes of G-ZDB functions and improve the constructions of ZDB functions in [5] from the even prime case p = 2 to the general prime cases. Furthermore, some constant composition codes (CCC) are constructed from G-ZDB functions.
Before giving our main results, we need to introduce the definition of the p-cyclotomic coset first, where p is a prime.
Let p be a prime, m be a positive integer and n = p m − 1. Suppose that
is the p-cyclotomic coset modulo n containing i, where l i is the least positive integer such that i ≡ i × p li (mod p m − 1) and is called the size of this pcyclotomic coset. The leader of a p-cyclotomic coset modulo n is the least integer in the p-cyclotomic coset. Then we have the following result.
Lemma 2.2. (1)
All the p-cyclotomic cosets modulo n form a partition of Z n .
(2) If m is a prime, then every nonzero p-cyclotomic coset has size m or 1, and the total number of nonzero p-cyclotomic cosets modulo n is p − 2 +
If m is a prime, then every nonzero 2-cyclotomic coset has size m, and the total number of nonzero 2-cyclotomic cosets modulo n is 
for some t and s with 0 ≤ t, s ≤ m − 1. From i = j we know that t = s. Without loss of generality, set
, thus i ∈ A j , i.e., A i ⊆ A j . Now from the definition of the leader of the cyclotomic coset, we can obtain i = j, this is a contradiction. Therefore the sets A i are disjoint to each others, which means that all the p-cyclotomic cosets modulo n form a partition of Z n .
(2) From p m ≡ 1 (mod n) we know that for any i, |A i | ≤ m. Now for any i (1 ≤ i ≤ p m − 2), we consider the size of the coset A i . This reduces to compute the least integer
this means that
Then for any i = 1, . . . , p m − 2, we have
This means that every nonzero p-cyclotomic coset A i has size 1 or m, depending on 
Hence the total number of nonzero p-cyclotomic cosets modulo n is
which is a contradiction. Therefore, for any i (1 ≤ i ≤ 2 m − 2), we can obtain l i = m, and so |A i | = m. This means that every nonzero 2-cyclotomic coset A i has size m. Note that A i = {0} if and only if i = 0, hence the total number of nonzero 2-cyclotomic cosets modulo n is
Thus we complete the proof of Lemma 2.2.
The constructions for two classes of G-ZDB functions
Before giving our main results and their proves, the following two lemmas are needed.
Lemma 3.1 ([15]
). Suppose that a, n 1 , n 2 ∈ Z + , n 1 = n 2 , then (1) gcd(a n1 − 1, a n2 − 1) = a gcd(n1,n2) − 1; Basing on the properties for p-cyclotomic sets, this section generalizes the main results in [5] and constructs two classes of G-ZDB functions (Theorems 3.1-3.2). 
Proof. Let n = p m − 1 and Γ m be the set of all leaders of p-cyclotomic cosets modulo n. Since p and m are both primes, from (2) of Lemma 2.2, we have
Now we define a function f from (Z n , +) to itself by f (x) = i x , where i x is the leader of the p-cyclotomic coset containing x. By (2) of Lemma 2.2, every nonzero p-cyclotomic coset has 1 or m element(s) modulo n = p m − 1, and there are exactly p − 2 nonzero cosets with only one element, hence the sizes of the preimage sets of f form the set {1, . . . , 1, m, . . . , m}. Therefore
On the other hand, for any given a = 0 (mod p m − 1), if there exists some
, both x + a and x belong to the same p-cyclotomic coset A i , then
Otherwise, by the proof of (2) of Lemma 2.2, such A i includes only one element, and so x + a = x, i.e., a = 0, this is a contradiction. Hence x ∈ A i with |A i | = m, and so there exists some
Note that m is a prime and 1 ≤ k ≤ m − 1, thus from (1) of Lemma 3.1, we have gcd(p k − 1, p m − 1) = p − 1. Hence (3.1) has solutions if and only if p − 1 | a. In this case, (3.1) is equivalent to
Therefore the size of the set {x ∈ Z n | f (x + a) = f (x)} is (m − 1)(p − 1) for any nonzero a ∈ Z n with p − 1 | a.
Otherwise, i.e., congruence (3.1) has no solutions. Therefore the size of the set {x ∈ Z n | f (x + a) = f (x)} is 0 for any nonzero a ∈ Z n with p − 1 ∤ a.
Hence by Definition 2.1 of the G-ZDB function, the function f defined above is a G-ZDB function on (Z n , +) with the parameters (p
This completes the proof of Theorem 3.1. ∈ B and B = {0}, and so there is some integer
or there is some t with 1 ≤ t ≤ m such that
As for (3.2), similarly to the proof of Theorem 3.1, the number of solutions for x is m−1. As for (3.3), note that m is an odd prime and 1 ≤ t ≤ m, hence from (3) of Lemma 3.1, we have gcd(2 t + 1, 2 m − 1) = 1 and then (3.3) is equivalent to x ≡ −a 2 t + 1 (mod 2 m − 1) .
Therefore the size of the set {x ∈ Z n | g(x + a) = g(x)} is m for any nonzero a ∈ Z n . On the other hand, suppose that x is a solution both for (3.2) and (3.3), then from Lemma 3.2, there are some
distance of C. For any 0 ≤ i = j ≤ n − 1, the Hamming distance between two codes c i and c j is
Note that f is an (n, l, S)-G-ZDB function and λ is the largest positive integer of S, namely, for any nonzero x ∈ A,
Therefore the minimal distance of C equals n − λ.
Theorem 4.2. Suppose that f is an (n, l, λ)-G-ZDB function from an abelian group (A, +) of order n to an abelian group (B, +) of order l, and λ is the largest positive integer of S, and Im(f ) is the image set of f with |Im(f )| = l.
is an (n, [τ 0 , . . . , τ l−1 ], n − λ)-DSS. In particular, such DSS is perfect if and only if the corresponding G-ZDB function f is ZDB.
Proof. Since f is an (n, l, S)-G-ZDB function and λ is the largest positive integer of S, namely, for any nonzero x ∈ A,
Thus from the construction of DSSs, we know that the multiset in (1.1) contains every nonzero element x ∈ Z n at least n − λ times. Hence we get an (n, [τ 0 , . . . , τ l−1 ], n − λ)-DSS. In particular, such DSS is perfect if and only if for any nonzero x ∈ A,
namely, f is a ZDB function. This completes the proof of Theorem 4.2.
Conclusions
For any prime m, basing on 2-cyclotomic sets modulo n = 2 m − 1, Ding et al. [5] obtains two families of ZDB functions on (Z n , +) with new parameters. For any prime p, the present paper generalizes the definition of ZDB functions and the corresponding results in [5] , i.e., employing p-cyclotomic sets modulo n = p m − 1, constructs two families of G-ZDB functions on (Z n , +). We show that these two families of ZDB functions in [5] are just the special case in our constructions.
Moreover, in the same way as that in [2, 6] , we can construct constant composition codes and difference system of sets directly from G-ZDB functions. Basing on some special G-ZDB functions, we prove that the corresponding CCCs are optimal, and the DSSs constructed by the G-ZDB function f is perfect when f is a ZDB function.
